Abstract. Stochastic rule-based models of networks and biological systems are hard to construct and analyse. Refinements help to produce systems at the right level of abstraction, enable analysis techniques and mappings to other formalisms. Rigidity is a property of graphs introduced in Kappa to support stochastic refinement, allowing to preserve the number of matches for rules in the refined system. In this paper: 1) we propose a notion of rigidity in an axiomatic setting based on adhesive categories; 2) we show how the rewriting of rigid structures can be defined systematically by requiring matches to be open maps reflecting structural features which ensure that rigidity is preserved; and 3) we obtain in our setting a notion of refinement which generalises that in Kappa, and allows a rule to be partitioned into a set of rules which are collectively equivalent to the original. We illustrate our approach with an example of a social network with dynamic topology.
Introduction
Graph transformations are a natural model for complex evolving networks including software architectures, social or technical networks, and chemical or biological systems. To address domain-specific requirements, modelling techniques have to tailor their notations, expressivity and analysis tools to a chosen class of problems. While benefiting from concepts and results of the general theory, domain-specific techniques can offer superior capabilities in the chosen domain. In order to avoid reinventing variants of the same concepts, an axiomatic approach to domain-specific graph transformation approaches is advisable. Kappa [8] , a stochastic rewriting approach for graphs representing molecular structures, is a case in point. For a particular class of (hyper)graphs and finely tuned constraints on rules and matches, its techniques for refinement, simulation and analysis [5, 9] are significantly more powerful than those for standard (stochastic) graph transformations. An understanding of its relation with mainstream graph transformation is currently emerging (see also Sect. 6). The particular aim of the paper is to develop an axiomatic approach enabling the transfer of Kappa's refinement technique into transformation systems based on adhesive categories. This will allow a more general view of the domain-specific constraints enabling Kappa's capabilities, which are at the heart of its success with biologists.
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One fundamental concept is stochastic rule refinement which, apart from a top-down method of developing models, enables techniques such as the thermodynamic approach [6] and the derivation of differential equations [14, 7] . Refinements allow a rule to be replaced by a set of extended rules, jointly equivalent (in the sense of a stochastic bisimulation) to the original. We investigate the conditions under which Kappa-like refinement is possible in an adhesive setting. Alongside we present a model, based on typed attributed graphs, of a social network [11] as an interesting application for stochastic graph transformation.
The paper is organised as follows. We start with our general double-pushout setting: an adhesive ambient category of structures and its subcategories of patterns (e.g., left-and right-hand sides of rules) and states (objects to which the rewriting eventually applies). In Sec. 3 we turn to the fundamental notion of rigidity. This is a property of objects similar to the absence of V-structures in graphs [10] , where no node is allowed to carry two or more edges unless they are distinguishable by their types or attributes, or those of their target nodes. We show how rigidity can be achieved canonically by placing negative constraints on structures. In Sec. 4 we show how to ensure that these negative constraints (and others) are invariant under rewriting, leading to the systematic extraction of match constraints based on a theory of matches as open maps [16] . With this material in place, we turn to rule refinements, generalising the notion of growth policy used in Kappa to specify them and illustrate this by a refinement of the social network model which is thermodynamically consistent in the sense of [6] .
Structures, Patterns, and States
A type graph defines a structured vocabulary for instance graphs. However, depending on the interpretation of instances as states, patterns or arbitrary structures, they are subject to further constraints. States are the most constrained: negatively, by stating the absence of certain structures, or positively, requiring their presence. Patterns forming, e.g., the left-and right-hand sides of rules, are subject to negative constraints only, because they represent fragments of states, not deemed to be complete. Structures live in an adhesive ambient category for states and patterns. A category is adhesive [18] if it has pullbacks as well as pushouts for all pairs of morphisms where one is a mono, and where all such pushouts enjoy the van Kampen property. An example is the category of typed attributed graphs [12] . for a monomorphism A → B ∈ C, B ∈ |PC| implies A ∈ |PC|.
